Section 3.3

A Difference Equation and Its Limit



3.3.1 Difference equation for the probability function

An essential practice of approaching the same
problem in different ways, enabling a deeper
understanding.

Here is a new way to study random walk:
e Start with a difference equation
e Reach to a PDE solution.

2
W(m,N): Ak ~ iexp[_m_)



3.3.1 Difference equation for the probability function
w(x, t): the probability that the particle is
found at point x at time t.
q=1-p z3 P

X=mAX  t=NAt Am =2

Nis even — miIseven. Nis odd — mis odd

N ! X 1
w(m,N )= 2V pI(N=p)! :W(Ax’Atj
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3.1.2 Explicit solution

To find w(m, N), the probability that a particle at a point me&[-N,N]
steps to the right of its origin after total N steps.

Suppose that the particle

e p stepstotheright, p>0 o > o %

e N-p steps to the left DS S S S .

Displacment m N-p P
m=p- (N-p) =2p-N e.g. N=12 N-p=5 p=/ m=2
p=(N+m)/2

Nis even — miseven. Nisodd — misodd
For example,

If N=3, the possible values of m=-3, -1, 1, 3.

If N=4, the possible valuesof m=-4, -2, 0, 2, 4.




3.3.1 Difference equation for the probability function

the probability of the particle at point x at t + At
W(X,t+At)=p W(Xx—AX,t)+q W(X+Ax,t)

p q=1-p
s =2 S
i

V_\I(X—AX,'[) V_V(X-I-AX,'[)
p " a=1-p




3.1.2 Explicit solution
General random walk model

e Consider a continuous 1-D random walk process of n steps

e we have recursion relation: convolution

o0

P (X)= [ P (y) p(x=y)dy (x)"9(x)= | 1 ()5 (x-y)cy

=P (¥)*p(x)
This means that the probability P,(x) of a particle at x after n steps is
e P,_1(y) the probability of arriving aty in n -1 steps

 p(x —y) the probability of displacements x-y in one step.

p(x_yl) p(x_yz)
‘/_\‘ Pn(x)zzi:Pnl(yi)p(x—yi)

P (Y) p(x—y)dy



3.3.1 Difference equation for the probability function

Evolution equation of w(x, t):

W(X,t+At) =%v‘v(x—Ax,t)+%v‘v(x+Ax,t)
Conditions in the begining

W(0,0)=1

W(x,0)=0, x=0

It is easy to that the solution is

(t/At)!

2t,At(t/Ater/ijl(t/At—x/ijI
2 . 2 '

W(Xx,t)=




3.3.2 Approximated by differential equation

Apply Taylor’s formula about (x, t)

_ _ dw . 1d°W
WX+ AL = W(X 1)+ —C AL+ ()" +0((at)’)

_ _ dw 1 d°w
W(X—AX,t)zW(X,t)—&AX—I—E e (Ax)2 +O((Ax)3)
_ _ dw 1d°w 2 3
W(X+AX,'[)=W(X,'[)+&AX+E e (AX) +O((Ax) )
_ 1 _ 1 _
W(x,t+At)=§W(x—Ax,t)+§ W(X+AX,1)
\
WAL+ =W, (At) +O(At) =2, (Ax)’ +O((Ax)’)
t 2 tt 2 XX

J L



3.3.2 Approximated by differential equation

\ 4
W, iwttAt+O(At) W, (A%) +O£<AX) (Ax)]
2 2At At
TN I\

Consider two limits

N >0, NAt=t fixed, = At—=0

m-—o>o, MmMAX=X fixed, = Ax—>0

Recall diffusion coefficient D, we may assume

(ax)
lim =D D=0
Ax,At—>0 DAL




3.1.4 To determine Boltzmann’s constant from Brownian Motion

Einstein (1905)
e assume that the macroscopic resistance on the particle

is proportional to the velocity - using classical

hydrodynamics
e predicated diffusion follows the statistical law

A RN

<m2>1/2 _ NV

Perrin:
- experiment in 1908.
P 8- o Nobel Prize in 1926




3.3.2 Approximated by differential equation

We obtain the differential equation of random walk

W, =DW_ Sofarsogood. But ... !

the probability density function u

m=+1+3,15,...

V_V(X’t) orm==2,+4,16...

2AX

u(x,t)=

Am =2




3.3.2 Approximated by differential equation

The probability of finding a particle between a=14x
and b=kAx at time t can be expressed by

mzk;W(X,t):mZk;u(mAx,t)-ZAx

Therefore, we get the PDE in terms of probability
density u

w =Dw, = U =Du

XX

The probability between a and b at time t

U (a,bit)=[ u(xt)dx



3.3.3 Solution of the PDE for the probability distribution function

Partial differential equation for random walk

2
u _ Da_tz‘
ot OX J

Initial and normalized conditions

_[oou(x,t)dx=1

—00

limu(x,t)=0, x=0 \

+ — " - T ——
t—)O -4 -2 0 2 4

Dt=0.1 05,1.0
Solution from self-similar form

1 X
u(x,t)=u,(xt)= 5t 1ot




3.3.3 Solution of the PDE for the probability distribution function

1 2 2 m*
u(xt)= IOt exp(—4Dtj =) w(m,N)= n_NEXp(_Nj
_ (Ax)2 W
= — lim =b U=
NAt =t MAX = X Ax,lAt—>O 2 At 2 AX

1 |1 2at 1 1 / 1
ArDt 47z(AX)2 NAt Ax V2N
X’ (mAX)" 24t m’
EXP| — =exp| — = |=exp| ———
ADt ANAL (AX) 2N

2 m°
2AxU (X, t) = N—exp “oN =w(m,N)
7T




Appendix Self similar solution by dimensional analysis
ou ou

1. Dimensional analysis — =D 1=] u(xt)dx
x]=L, [f]=T, [u]=L", [D]=LUT"', [Dif]=L
Two Dimensionless quantities

X
[T =u(xt)Dt Il, =——
1 ( ) 2 /Dt
The solution must be of the form
I1, = f (I1,) '
] define §=——
_f(s) o

U

/Dt

the number of independent variables reduced from 2 to 1.



Appendix Self similar solution by dimensional analysis

2. From PDE to ODE

The partial derivatives
ou f

xf

—X f
ot Dt 2Jbt* 2Dt 2Dt’

ou f' 1 f
ox /Dt /Dt Dt
o’'u o f'  f"
ox*  ox Dt (Dt)"

f
2t/Dt

inserting into the PDE, we get ODE

ou ou

T _pXL
ot 0°X -

gy
2

Tt=0
2




Appendix Self similar solution by dimensional analysis

the solution o
Imaginary

f(s)=ce ™" +ce*""JrErfi[s/2]  error function

- | i) = [t
From initial and normalized conditions NEX

limu(x,t)=0, x=0 =» C,=0 Emjé_ /

t—>0"

j_oou(x,t)dx:l = C :E /

Final solution

u(xt)=




Appendix Self similar solution by dimensional analysis

why can we turn a PDE to an ODE ?

1

=

o u(xt)

o All different curves collapse onto one master
curve with the rescaling.

e called self-similar solution.

e x and t are not really 2 independent variables

; f(s)=uyDt



Appendix Self similar solution by dimensional analysis

o Self-similar solutions are coincidences in physical
processes.

 We cannot always find self-similar solutions for a
PDE.

e Self-similar solutions exists only when there is no
characteristic length scale and characteristic time
scale in the PDE problem. i.e.




3.3.4 Further examination of the limiting process

Two ways to find the approximate solution
1. Stirling’s formula applied to the exact solution

w(m, N ) ~ [ij . exp(lnﬁ } NAt=t
N MAX = X

_ X 1 VAN —X*At
wx,t)=w| —,— |~| — | exp -
Ax Al 7t 21(Ax)”

k) X2
B 1 2ar ) ¥t 2Af exp(_4Dtj
u(x,t)=——= lm — | exp| — — | =
2Ax  A=0.A0( 4771 (Ax)” 41 (Ax)” 47Dt

(Ax)~
2ATr

—D

2.by solving the partial differential equation

X2

ou ou 1 4Dt

D= u(x,t)= e
ot Dazx = ( ) J4rDt




3.3.4 Further examination of the limiting process

Stirling’s formula requires N, p and N-p all large.

Small p : most steps to the left, m ~- N.

Small N-p, most of the steps to the right, m ~ +N.

Thus, those cases where |m|~ N is excluded.

m=p—(N-p)=2p—N ~ PN

m~N* «a=1/2or1/30r---? <m2>=N



3.1.2 Explicit solution

To find w(m, N), the probability that a particle at a point me&[-N,N]
steps to the right of its origin after total N steps.

Suppose that the particle

e p stepstotheright, p>0 o > o %

e N-p steps to the left DS S S S .

Displacment m N-p P
m=p- (N-p) =2p-N e.g. N=12 N-p=5 p=/ m=2
p=(N+m)/2

Nis even — miseven. Nisodd — misodd
For example,

If N=3, the possible values of m=-3, -1, 1, 3.

If N=4, the possible valuesof m=-4, -2, 0, 2, 4.




3.3.4 Further examination of the limiting process

This requirement was not mentioned in the limiting
differential equation. Why?

AX—>0, At—>0, m—o>ow, N > oo,

2
(Ax)
MAX > X, NAt—>t, ———>D
2At
speed
2
S A&, At=o0(Ax) At = (Ax)
At AX
m  MAX At X At m|< N
- = =——>0 =
N NAt AX t AX X = MAX << N AX

m X (At 1z 2At X 1/2
try . — = X — ~ 1 ‘ m ~ N
N2 Ax( t j \/ 2t(Ax)2 J2Dt



3.3.5 Reflecting and absorbing barriers

the probability of the particle reaching position L at t + At

Reflecting barrier

W(L,t+At)= 1

W(L—Axt)+ % (L.t)
Absorbing barrier

V_\/(L,t+At):%V_\/(L—AX,t)+O

>Reflector
I e e o A e e
0 L

Absorber

—>
—t———tt—t+——t+—+—+++—
0 L




3.3.5 Reflecting and absorbing barriers
Reflecting barrier

v_v(L,t+At):%v_v(L—Ax,t)+ L

Ev—v(L,t)
W(L,t+At)=W(L,t)+ WAt +O(At?)
W(L-Ax,t)=W(L,t)-WAx+O(Ax)

4

WAL+O(AL) =2, Ax-+0(Ax')
4
_ WAt
ux(L’t) 0 U—m AX—)O



3.3.5 Reflecting and absorbing barriers

Absorbing barrier

W(L,t+At) = = W(L—Ax,t)

2
W(L,t+At)=W(L,t)+ WAt +O(At?)

W(L—-Ax,t)=W(L,t)-WAx+O(A)
2
W(Lt)+WAt+O(At) % (Lt)—%WAx+O(Ax)

4

u(L,t)=0 " AX 2:(_)0

=l




3.3.5 Reflecting and absorbing barriers

Reflecting barrier

Absorbing barrier

2 2
< J.;u(x,z‘)dx:l < ;u : =
}L%“ u(x,t)=0, x#0 rlggl u(x,t)=0, x#0
(L, 1) =0 (L, t)=0
u=u,(x,1) u=u,(x,1)

=u,(x,1)+u,(x—2L,1)

=u,(x,1)—u,(x—2L,1)
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